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Interception of High-Speed Target by Beam Rider Missile

OpiN R. S. ELnan*
University of Cincinnati, Cincinnati, Ohio

Hsu Lot
Purdue University, Lafayette, Ind.

The trajectories of a line-of-sight beam rider missile are determined for the case where the
target is moving at suborbital speeds and the missile speed is smaller by a factor of 20r 3. Of
primary interest are the conditions under which interception may take place: the minimum
target engagement range and interception range as functions of missile-to-target speed ratio
and missile normal acceleration capability. The results of this analysis show that intercep-
tion will take place for an arbitrary speed ratio with a reasonable value of lateral acceleration
if the range at which the missile engages the target can be made sufficiently large.
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r,0
Y

plane polar coordinates in reference frame of Fig. 1
rectangular coordinates in reference frame of Fig. 1
missile flight time

speed

crossover range defined in Fig. 1

defined in Eq. (4)

missile lead angle

missile flight path angle

missile-to-target speed ratio

lateral missile acceleration
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Superscripts

differentiation with respect to time
differentiation with respect to 6
intercept values at maximum value of ym
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Subscripts

missile values

target values

values at missile launch
values at interception
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I. Introduction

MISSILE guided by the so-called line-of-sight beam

rider method has been shown to be capable of inter-
cepting conventional-type targets, such as manned aircraft
at moderate range, if the missile has a speed advantage.
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Fig. 1 Geometry of missile and target motion

The trajectories, flight times, and normal accelerations have
been obtained by a series solution in Ref. 1. The problem
of control and capture of such missiles is considered in Ref, 2.

The object of this paper is to ascertain the intercept capa-
bilities of the beam rider missile against targets whose speeds
may be on the order of 16,000 mph. For the sake of sim-
plieity, a nonmaneuvering target moving in a straight line
is considered. The missile is treated as a point mass moving
at constant speed. A significant feature of this analysis is
that the investigation is limited to the conditions under which
the target has a speed advantage. The geometry of the
intercept problem is shown in Fig. 1.

II. Missile Trajectories

Since the missile always is located in the guidance beam
that tracks the target, the differential equation of the flight
path is given by

Fm? 4 7202 = V.2 n

where 8 is prescribed by the target motion.
Since the target moves parallel to the z axis with constant
speed,

t = (B/Vi)(cotdr — coth) (2)
such that
6 = (V.,/R) sin?0 (3)
and Eq. (1) becomes
Tm? 4+ Tw'? = 2 csc 4)
where
¢ =RV,/V,
Introducing the lead angle « and the flight path angle v,
Tm = ¢ csc?d sinu (5)
u=1y—19 (6)
Using Eqs. (5) and (6) in (4), one obtains
[d(cotd)/dvy] + % cotf coty + & = )

which is a linear differential equation in cotf. The fact that
this differential equation governs the missile flight path al-
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Fig. 2 Generalized missile trajectories
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Fig. 3 Minimum speed ratio required for interception

ready has been noted in Ref. 3.
Integrating Eq. (7), using the initial conditions # = 6;, when
Y =YL

1 .
cotf = (siny) “”{cot&(sin’n)“? -5 :L (81nn)1/2dn]
8)

The integral on the right-hand side may be transformed to
elliptic integrals, such that the solution becomes

cotd = (siny) V2{cotfr(sinyz)V/? +
3222 (¢,k) — F (k) —
2E(¢r,k) + F(or,k)]} (9

where F' and E are normal elliptic integrals of first and second
kind with moduli ¥ = % (2% and arguments

¢ = arc cos(siny)Y?

The missile coordinates then are given by

Zm = c cosf csc?d sinu 10)

Ym = ¢ csch sinu (11)

and the flight time is found from Eq. (2).

It is convenient to exhibit the missile trajectories in the
generalized form of y./¢ vs x./c as shown in Fig. 2. Only
those trajectories that will intercept for a speed ratio r < 1
are shown. It may be demonstrated that these trajectories
correspond to a launch angle range 0 < 6, < 37°. A compre-
hensive discussion of all beam rider trajectories is contained
in Ref. 4.

The upper bound on the solutions to Eq. (4) is given by

= m/20rr, = ccsc?f. In terms of the missile coordinates,
this relation becomes

xm/c = [(ym/c)* — (yM/c)2]1/2 (12)

The target path would appear in Fig. 2 as the curve y,/c =
1/7. Hence, it is seen that, for a specified speed ratio, there
are launch angles that will not yield interception. From
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Fig. 4 Effect of speed ratio on lateral acceleration at
intercept
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Fig. 5 Effect of launch. angle on lateral acceleration at
intercept and flight time

Eq. (11), the minimum value of speed ratio which gives
interception at a particular launch angle is

T = sinf* (13)

where 6* is polar angle corresponding to intercept at w =
w/2. The relation between 7* and 6:* is shown in Fig. 3.
Equations (12) and (13) may be used to provide the mini-
mum value of intercept range:

Twi* = R/7* (14)
and engagement range:
ra® = R/sinf* (15)

for specified values of speed ratio.

III. Lateral Acceleration Limit

A limiting factor on the use of beam rider missiles is the
maximum lateral acceleration that the missile may attain.
For the two-dimensional case considered here, the accelera-
tion required to maintain the flight path is

an = Vv (16)
If Egs. (7) and (3) are used,

27V 2 ¢inf siny
Ay = —F —————
R cosu

17)

For an incoming target and speed ratio 7 < 1, a, increases
monotonically with § and approaches < as u approaches
w/2. The sensitivity of the lateral acceleration at inter-
ception to speed ratio changes at a given launch angle may
be inferred from Fig. 4.

It is only in the neighborhood of the critical value 7* that
a@» increases rapidly. This may be accounted for on the basis
that the effects of missile speed V,. and trajectory curvature
on acceleration have a tendency to offset each other for
values of 7 larger than 7*.

Figure 5 shows the variation of acceleration at intercept
and nondimensional flight time tV /R with launch angle for
7 = 0.5. It is evident that the crossover range and engage-
ment range are important parameters.

This effect is illustrated in Table 1, where the values of
engagement range r., intercept range 7., and flight time
have been computed for various crossover ranges and for
target and missile speeds of 16,000 and 8000 mph, respectively.
The allowable value of lateral acceleration is taken to be 20
¢’s. The minimum values of 7,z and 7,z as found from Egs.
(14) and (15) likewise are shown.

1t is seen from Table 1 that, if a missile-target engagement
range of 540 miles is provided, all targets having impact
points within a 58-mile-radius circle of the launch point may
be intercepted. The maximum value of intercept range is
180 miles. For a larger value of the allowable lateral ac-
celeration or increased missile speed, the values of 7.1, and 7.,
corresponding to the same values of B would decrease.

The methods of analysis and the data provided herein also
may be used for purposes of computing the decision time-to-
launch available from the instant the target is detected.

IV. Conclusion

The preceding analysis has served to illustrate the capabili-
ties of a line-of-sight beam rider missile deployed against a
high-speed target. The limiting features in such an applica-
tion have been suggested, and the simplified analysis has
served to indicate that, if missile launch is undertaken at
sufficiently large target range, this particular method of
navigation may be successful. A more exact analysis, in-
cluding the effects of thrusting and aerodynamic drag on the
missile trajectory, is a logical extension of this preliminary
analysis.
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